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Abstract 

Systems  containing  both  compact  real  parametric  uncertainty  and 
frequency-weighted  bounded  operator  uncertainty  are  addressed.  It  is 
shown  that  any  parameter  adaptive  control  system  is  robustly  stable  pro¬ 
vided  only  that:  (1)  the  unknown  parameters  lie  in  a  known  compact  con¬ 
vex  set,  (2)  the  control  design  rule  is  lipschitzian,  (3)  the  control  design 
rule  would  produce  a  robust  controller  if  given  perfect  panmeter  informa¬ 
tion.  and  (4)  a  specified  robust  parameter  estimation  algorithm  is  applied  in 
lieu  of  perfect  parameter  information.  It  is  also  shown  that  the  asymptotic 
robust  performance  level  may  be  made  arbitrarily  close  to  that  of  the  non- 
adaptive  design  which  would  result  from  perfect  parameter  information. 

L  Introduction 

Most  adaptive  control  theory  begins  with  a  plant  description  contain¬ 
ing  uncertain  real  parameters.  However,  it  is  generally  recognized  that  a 
specific  parametric  plant  description  will  never  exactly  describe  a  physical 
system's  response,  regardless  of  the  choice  of  the  parameters.  As  a  conse¬ 
quence,  the  issue  of  nonparametric  dynamical  uncertainty  in  addition  to 
parametric  uncertainty  has  received  a  great  deal  of  attention  from  the  adap¬ 
tive  control  community.  A  number  of  robust  adaptive  control  results  have 
already  been  obtained  (e  g.,  [13],  [15],  [14],  [4],  [6]).  The  community  is 
currently  seeking  to  expand  the  definition  of  robustness  and  the  collection 
of  design  techniques. 

This  paper  focuses  on  a  notion  of  robustness  which  is  common  in 
robust  (nonadapfivei  control  theory  and  practice.  Specifically,  we  address 
stability  and  performance  in  the  presence  of  two  types  of  uncertainty: 
parametric  uncertainty  characterized  by  an  a  priori  known  convex  member¬ 
ship  set,  and  nonparametric  uncertainty  as  characterized  by  an  a  priori 
known  frequency  domain  magnitude  bound.  Frequency  weighted  uncer¬ 
tainty  bounds  have  been  used  to  characterize  modeling  errors  since  at  least 
the  appearance  of  [2],  and  remain  popular  in  sensitivity  and  robustness 
analyses  (e  g  .  [19],  [3],  [20],  [21],  [17]).  We  adopt  the  not-uncommon 
approach  of  absorbing  the  weighting  function  describing  the  frequency 
domain  magnitude  bound  into  the  representation  of  the  known  portion  of 
the  plant.  The  residual  normalized  uncertainty  is  characterized  by  the 
operator  norm  induced  by  taking  L2  or  fading-memory  L2  norms  on  the 
input  and  output  of  the  uncertain  operator.  Since  the  W"  norm  of  an  LTI 
(linear  time-invariant)  transfer  function  is  its  induced  L2  norm,  the  uncer¬ 
tainty  set  we  treat  covers  the  weighted  ball-in-W”  with  the  same  weighting 
function. 

There  are  three  themes  to  our  work:  perfect  parameter  information 
tuned-system  robustness,  robust  parameter  estimation,  and  the  interplay  of 
these  in  the  overall  system.  Of  course,  the  ultimate  requirement  is  that  the 
overall  system  satisfy  robust  performance  objectives.  A  reasonable  prere¬ 
quisite  is  the  solution  of  the  subproblem  of  robust  control  given  perfect 
parameter  information  and  the  subproblem  of  robust  parameter  estimation 
given  no  control  objectives.  ~ 

In  earlier  work  we  provided  the  solution  to  these  wbproblems.  The 
robust  control  subproblem  involves  analysis  of  a  set  of  (plant,  controller} 
pain,  where  the  ret  is  indexed  by  the  value  of  the  plant  parameter  vector, 
and  the  paired  coctroller  is  determined  through  the  on-line  design  rule.  In 
[7]  and  [10]  the  robust  control  subproblem  is  defined  in  detail,  and  a  model 
reference  example  is  analyzed  through  the  use  of  structured  singular  value 
theory.  Other  approaches  to  analyzing  systems  with  both  parametric 
degrees  of  freedom  and  nonparametric  bounded-operator  uncertainty  are 
given  in  [1],  [5],  and  III]. 


The  robust  perimeter  estimation  subproblem  involves  reduction  of 
parameter  uncertainty  through  the  use  of  measurements  obtained  on-line. 
The  novelty  of  the  estimation  problem,  as  we  have  posed  it.  is  that  the 
measurements  and  physical  process  are  not  corrupted  by  exogenous  sto¬ 
chastic  noise,  but  rather  by  the  presence  of  nonparametric  dynamic  uncer¬ 
tainty  within  the  system.  Others  have  addressed  this  issue  with  ttme- 
dotnain  characterizations  of  uncertainty  (which  do  not  match  the  traditional 
robust-control  characterizations),  or  by  mapping  the  frequency-domain 
uncertainty  bound  to  a  (generally)  conservative  pointwise-m-tune  signal 
bound.  In  contrast,  our  approach  is  based  on  a  relative  deadzone  technique 
using  a  nonconservative  perturbation  signal  energy  (L2)  bound  (which  is 
described  in  various  levels  of  detail  in  [8],  [11]  and  [12]).  This  bound  is 
arguably  the  most  natural  and  tightest  bound  for  our  problem  formulation 
Since  the  H“  operator  norm  corresponds  directly  with  the  induced-!.2  gain 
of  the  operator.  Loosely  speaking,  our  parameter  adjustment  mechanism 
provides  nonincreasing  parameter  errors,  with  strictly  decreasing  parameter 
errors  whenever  the  parameter  error  is  distinguishable  from  zero  based  on 
available  measurements. 

The  remaining  task  is  the  integration  of  the  control  and  estimation 
techniques,  and  analysis  of  the  overall  system.  In  this  paper,  we  state  a 
new  stability  result:  the  combination  of  perfect  parameter  information 
robust  stability  and  the  use  of  the  robust  parameter  esomaDon  process 
together  imply  bounded-L 2-input  -  bounded-!.  2-output  stability  The  BIBO 
property  is  also  obtained  with  a  slightly  modified  L2  Dorm  which  incor¬ 
porates  exponential  de-weighting  of  older  information 

The  underlying  stability  concept  is  simple:  if  the  system  behaves  as  if 
the  parameter  error  is  zero,  then  the  perfect-information  robustness  analysis 
guarantees  that  the  system  is  behaving  in  a  sable  fashion;  if  the  system 
behaves  as  if  the  parameter  error  is  nonzero,  then  the  robust  estimation 
process  reduces  the  euclidean  norm  of  the  parameter  error  vector  (which 
cannot  go  on  forever  since  the  norm  is  bounded  below  by  zero).  A  formal 
version  of  this  argument  is  given  in  this  paper. 

Robust  performance  results  are  given  as  well.  Robust  performance  is 
often  characterized  in  terms  of  the  worst-case  norm  of  a  chosen  output  sig¬ 
nal,  given  an  assumed  norm  on  the  input  signals,  where  the  worst-case  is 
taken  with  respect  to  dynamic  uncertainty.  In  this  paper,  it  is  shown  that 
the  asymptotic  performance  of  the  overall  adaptive  system  is  no  worse  than 
the  guaranteed  robust  performance  of  the  same  system  given  perfect 
parameter  information.  Remarkably,  the  parametric  uncertainty  does  not 
degrade  the  asymptotic  system  performance  guarantees.  Unfortunately,  the 
transient  performance  is  not  quantified,  and  can  be  arbitrarily  poor. 

IL  Preliminaries 


A.  Notation 

Consider  a  function  z  : 

III  II0-' 


PT  — »  #?v.  Define  the  norm 
f  1" 


(l) 


where  the  superscript  o  is  omined  when  c  *  0,  and  the  subscript  t  is  omit¬ 
ted  when  t  -  -.  When  Hz  ll0-*  exists  for  ill  finite  t.  x  is  said  to  be  in 
L2*-0.  When  llx  11°-'  is  uniformly  bounded  over  all  r  >  0.  x  is  said  to  be 
in  L2,0.  When  o  «  0,  we  omit  it  from  the  superscript,  and  use  the  more 
common  notation  z  c  L2*  or  z  •  L2. 


For  a  vector  8,  let  181  denote  the  euclidean  norm. 


Let  H~  denote  the  spice  of  transfer  functions  7  (i )  which  art  iniJytic 
ind  bounded  in  the  open  right  half  pline.  Let  S°  be  the  shift  operator 
defined  by 

S°7(r)  =  7(s-o).  (2) 

Let  S°H“  be  the  space  of  transfer  functions  7 (s )  such  that  5°7  eH“.  In 
this  context,  a  will  be  referred  to  as  a  "fading  memory  time  constant." 

For  T(i)€H-,  we  define  H7  liH-  to  be  the  usual  H “  norm  (see  [20]). 
Recall  that  ll7Htf-  is  the  operator  norm  induced  by  the  choice  of  the 
t2[0.~)  norm  on  the  input  and  output  signals  of  7.  We  will  use  117  lll2 
to  denote  the  induced-L2  norm  on  7  when  7  is  not  LTI  (Linear  Time- 
Invariant).  Similarly,  I  Ml,®  will  denote  the  induced-Lio  norm.  Likewise, 
define  the  shifted  H~  norm 

117  ii=.^  IIS°7IIh.  .  (3) 

Table  1  summarizes  the  norm  notation  used  in  this  paper.  Note  that 
signal  norms  take  the  form  "lM!ik',m  operator  norms  take 

the  form  "li-ll 


Table  1 

Norm  Notation  Summary 

M 

Euchdean  Norm 

1 M 1  * 

signal  norm  (equation  (1)) 

11-11° 

signal  norm  with  f  =  ~ 

ll-ll 

signal  norm  with  t  -  •*  and  0  =  0 

IM,°. 

shifted  H  norm  (equation  (3)) 

"'"it- 

usual  H“  norm 

11-11°- 

Lio  -induced  operator  norm 

ll-H., 

/. ;- induced  operator  norm 

Miscellaneous  For  a  vector  V,  " D  (V )"  denotes  a  diagonal  matrix 
whose  row  i  column  t  element  equals  the  i'*  element  of  the  vector  V. 
Superscript  7  denotes  transposition.  Throughout  the  paper,  o  is  a  particu¬ 
lar  fixed  and  known  nonnegaove  number. 

B.  System  Assumptions 

The  system  is  assumed  to  take  the  form  of  Figure  1.  In  the  figure, 
up.  » ,  and  r  denote,  respectively,  the  actuated  plant  input,  measured  plant 
output,  and  exogenous  command  input.  The  signal  d,  is  a  fictmous  input 
which  will  be  added  later  to  account  for  the  effect  of  nonzero  initial  condi¬ 
tions. 


Figure  1.  System  Structure 

The  transfer  matrix  G  is  the  known  portion  of  the  plant  The  transfer 
matrix  K  is  the  fixed  portion  of  the  controller.  Both  C  and  K  ire  proper 
*"*1  LTL  and  GeS°H“.  The  tubmatrix  Gjj,  which  maps  the  input  g  to 
the  output  y ,  is  in  S°H". 

The  symbol  A(r)  is  an  arbitrary  (unknown)  transfer  function  which, 
for  some  specific  known  fading  memory  time  constant  o  2  0,  is  analytic  on 
Reis )  >  c  and  saosfies 

MAII^jSl.  (4) 

Note  that  for  the  special  cue  o  ■  0,  the  set  of  allowed  A  covers  the  closed 
unit  ball  in 


Vectors  Bp  and  8c  are,  respectively,  the  unknown  plant  parameter 
vector  and  the  adjustable  controller  parameter  vector. 

Later,  *  will  be  called  the  regression  vector.  8,(0  will  denote  the 
estimate  of  Bp  at  rime  t,  and  0,(r)  will  denote  the  error  8,  -  0,(0. 

We  treat  only  the  case  in  which  the  controller's  parametric  structure  is 
fixed,  and  only  certain  parameter  values  may  vary.  These  controller 
parameters  are  defined  by  a  design  rule  which  maps  plant  parameter  values 
to  controller  parameter  values,  that  is, 

6c(t)  =  /c(Bp(t)).  (5) 

We  will  assume  only  that  ft  is  lipschitzian  on  the  orbit  ( 0,  (O  ;  t  2  0 ) 

We  assume  the  prior  knowledge 

0,c6,  (6) 

where  6,  is  an  arbitrary  compact  convex  set 

This  prior  knowledge  may  come  from  an  understanding  of  the  physi¬ 
cal  meaning  of  the  panmeters.  In  this  case,  it  may  be  useful  to  think  of 
the  physical  parameters  as  having  a  unique  correct  value.  However,  the 
system  performance  depends  only  upon  the  system  input-output  response, 
and,  from  this  input-output  perspective,  there  does  not  necessarily  exist  a 
unique  choice  for  the  "correct”  plant  parameter  vector. 

A  basic  principle  of  mathematical  modeling  is  that  no  model  can  be 
verified  through  empirical  observation,  models  may  only  be  invalidated. 
Thus  it  is  reasonable  to  define  the  set  of  "correct"  plant  parameters 
(denoted  0^)  for  a  particular  fixed  plant  input-output  mapping  P  as 

0^  :=  (0  :  the  collection  of  all  responses  »  =  Pup 

does  not  contradict  0,  =0),  (7) 

where  "all  reponses"  means  all  those  generated  by  all  up.  These  are 
correa  parameters  in  the  sense  that  they  produce  a  mathematical  model 
which  cannot  be  invalidated  by  any  experiment. 

Of  course,  in  testing  for  a  contradiction  of  0,  =  8  in  the  above 
definition,  one  must  evaluate  0,  in  the  context  of  the  math  model  in  which 
it  is  embedded.  Specifically,  for  our  plant  representation,  any  choice  of  0, 
in  0,  is  "correct"  if  there  exists  a  A  satisfying  (4)  such  that  Figure  1  pro¬ 
duces  the  actual  plant's  input-output  response  for  all  possible  inputs 

Throughout  this  paper,  the  symbol  0,  represents  any  element  of  0^, 
and  not  some  particular  unique  physical  parameter  value.  Furthermore,  no 
expression  depends  upon  the  particular  choice  of  0,  within  Bp 

Note  the  distinction  between  0,  and  Bp  The  set  0,  represents  the 
prior  knowledge  of  set  of  possible  plant  parameters;  its  significance  is  that 
it  limits  the  set  in  which  we  need  search  for  0,.  The  set  Bp  is  the  plant- 
specific  (hence  unknown)  set  of  values  of  8,  which  may  be  regarded  as 
correct  for  the  particular  plant. 

Remark;  the  system  of  Figure  1  represents  a  broad  class  of  both 
direct  adaptive  control  systems  (as  shown  in  [9]  and  [10]).  and  indirect 
adaptive  control  systems  (as  shown  in  [11]). 

Re  x.  The  feedback  representation  of  embedded  uncenamnes  is 
based  o>.  'mt  e'  U6],  As  is  now  common  with  such  representations,  any 
frequency-  -  .ent  weighting  function  on  the  uncertainty  A  is  absorbed 
into  the  symt»i  G . 

C.  Initial  Condition  Assumptions 

Assume,  for  the  moment,  that  d,  of  Figure  1  is  zero,  but  that  G  and 
A  may  have  nonzero  initial  conditions.  In  this  section,  we  show  that  an 
equivalent  system  is  produced  by  including  a  nonzero  d,  and  assuming  that 
the  initial  conditions  of  G  and  A  are  zero.  Moreover,  lid,  M0J ,  as  a  func¬ 
tion  of  time,  has  a  known  exponentially  decaying  hound. 

The  system  will  be  equivalent  in  the  sense  that  Figure  1  will  continue 
to  describe  the  input  output  response  of  the  system,  without  modification  of 
the  assumptions  regarding  the  sets  in  which  A  and  0,  be.  and  without 
altering  the  value  of  G .  The  rime  histories  of  u,  and  yP  are  precisely  the 
same,  although  the  definitions  of  the  internal  signals  $,  v,  d,  d,,  and  g  are 
modified  to  reflea  the  fsa  that  the  transient  effects  are  algebraically  re¬ 
located  in  the  equations. 

/.  Initial  Condition  of  G 

If  G  has  nonzero  initial  conditions,  its  outputs  are  the  superposmon  of 
a  natural  response  and  a  forced  response; 

V  «  Vjv  +  V, 

yp  *  yen  +  »r- 


(8) 


'Since  CeS°H"  and  it  known,  all  of  the  natural  response  terms  decay 
exponentially,  with  a  known  maximum  tune  constant 

The  assumed  prior  knowledge  of  the  initial  conditions  is  an  upper 
bound  on  the  'amplitude''  of  the  exponential  response,  that  is, 
ly^v(t)l  <  ce~°‘ .  where  c  and  O  are  known  a  priori.  Note  that  a  decay¬ 
ing  exponential  bound  on  a  signal  implies  that  the  IMI8-’  norm  of  the  sig¬ 
nal  also  has  a  bound  with  an  exponential  decay  rate  of  at  least  a. 

2.  Initial  Condition  of  Unmodeled  Dynamics 

Note  that  when  the  input  to  A  is  aero  for  all  time,  the  assumption 
'  l  A  M  ^  £  I  implies  that  the  output  of  A  is  zero  (more  precisely,  equivalent 
to  zero  in  the  L10  norm).  Consequently,  when  A  is  thought  of  as  a 
representation  of  unmodeled  dynamics,  the  assumpdoo  II  All  $  £  1  is  gen¬ 
erally  reasonable  only  if  the  unmodeled  dynamics  are  initially  at  rest.  Here 
we  will  modify  the  representation  of  unmodeled  dynamics  to  remove  the 
at-rest  assumption  while  retaining  the  operator  norm  bound  on  A. 

Since  the  unmodeled  dynamics  need  not  be  linear,  we  cannot  describe 
their  output  as  the  superposition  of  a  faced  response  and  a  natural 
response  which  is  independent  of  the  unmodeled  dynamics  input. 
we  decompose  the  total  effect  of  nnmodekd  dynamics  into  the  sum  of  a 
component  d  which  is  smaller  than  v  in  norm,  and  a  residual  component 
dH.  The  residual  dN  is  not  assumed  to  be  independent  of  v,  but  is 
assumed  to  satisfy  lid*  II0-'  £  c<"“  for  some  known  c,  irrespective  of  v. 

Now  the  total  operator  from  v  to  d  +  d*  need  not  produce  in  output 
of  zero  even  when  v  is  zero. 

3  Equivalent  At-Rest  System  with  One  Added  Input 
Now  define 

£  'Gjj'C Yp  -G-nUp)  =  G  j",1  (yfF  -  G-gUp  1  +  Gf'ypH  (9) 


To  avoid  a  proliferation  of  nouoon.  lei  9.  v,  g,  and  d  be  re-defined 
hereafter  so  that  we  may  use  Figure  1  as  a  representation  of  the  system, 
with  G  and  A  initially  at  rest,  and  d1  not  necessarily  zero  but  satisfying  a 
known  exponentially  decaying  bound  on  1 1  d,  1 1 0J . 

UL  Perfect  Parameter  Information  Robust  Control 
The  concept  of  robust  stability  can  be  extended  to  the  case  of 
unspecific  tuned  adaptive  systems.  As  a  first  step,  we  represent  the  system 
of  Figure  1  in  the  form  shown  in  Figure  3.  Note  that  M  of  Figure  3  has 
an  input  r,  and  outputs  y  and  y,  which  are  not  shown  in  Figure  1.  The 
added  output  y  is  simply  a  signal  one  wishes  to  seep  small.  For  example, 
y  could  be  chosen  to  be  the  command  tracking  error.  r-yf .  Linear  filters 
can  be  used  to  capture  the  relative  importance  of  different  frequencies, 
these  are  assumed  to  be  absorbed  into  M  This  is  all  fairly  standard  in 
recent  robust  multivariable  control  literature. 


Figure  3.  Perfect  Parameter  Information  Tuned  System 


[®  v'  y'p  ]  :=  G  [g  Up  j 


(10) 


(Note  that  y  r  -  yp  .)  The  system  of  Figure  1  with  non-rest  initial  condi¬ 
tions  on  C  and  A  is  equivalent  to  the  system  of  Figure  2  with  G  and  A 

initially  at  rest. 
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Rgure  2.  Manipulation  of  the  Effects  of  Noo-Rest  Initial  Conditions 

Although  superposition  need  not  apply  for  A,  for  any  signals  a  and  b , 
one  can  cover  the  set  (c:  c  *A(a+6),  IIAII,l£l)  by  the  set 
(r:  c«A'o+A"fc,  IIA'll/$sl,  1 1  A"  1 1  £  1  > .  Consequently,  the 
various  inputs  shown  in  Figure  2  can  be  further  algebraically  moved  to  the 
node  which  defines  g ,  withgout  changing  the  definitions  of  g,  4,  and  v . 
The  net  input  at  the  g  node  is 

d,  m  dN  +  G  jiypf/  +  A'(G21Gj~|'»*  +  v*) 

+  Bf(G  | \Gjiypf/  +  ♦* ).  (11) 

Furthermore,  once  v*.  **,  and  »*  have  exponential  decaying  bounds, 
their  IMI0J  norms  have  an  exponential  decay  rate.  Since  a  known 
induced-L2-0  norm  bound  is  known  for  G,  A,  and  0 p  (recall  8 p  is  com¬ 
pact),  a  known  exponentially  decaying  bound  exists  (or  lid,  llOJ: 

ltdJUej  &  d,(t)  *  det-*  vr  (12) 

for  some  known  function  d,  and  positive  constant  d„ . 

The  result  of  this  last  algebraic  manipulation  is  a  system  structure 
exactly  as  shown  in  Figure  1.  The  internal  signals  are  different  (i  would 
appear  in  place  of  ®,  et  cetera),  d1  is  now  nonzero,  and  G  and  A  are  now 
initially  at  rest.  The  signals  Up  and  yp  are  unchanged. 


The  signals  r,  and  y,  are  included  for  a  non-standard  reason,  namely 
to  ensure  structural  robustness  of  the  robust  performance  detmoon  to  be 
given  later.  For  now.  it  suffices  to  know  that  r,  and  y,  are  any  added  sys¬ 
tem  inputs  or  outputs  which  do  not  involve  added  dynamics.  That  is. 
given  a  state-space  representation  of  M .  y,  is  any  linear  combination  of  the 
states  (arbitrary  output  matrix  associated  with  y, )  and  r,  enters  the  state 
derivative  definition  in  any  linear  fashion  (arbitrary  input  matrix  associated 
with  r, ),  but  no  sates  have  been  added  to  M  to  allow  the  inclusion  of  r, 
and  y, . 

Note  that  the  system  of  Figure  1,  excluding  the  A  block,  is  known  a 
priori  except  for  the  parameter  vector  Bp  and  the  controller  gains  6c 
However,  suice  the  desired  controller  gains  are  a  function  of  the  plan: 
parameters,  the  tuned  system  is  a  function  of  only  the  plant  parameurs 
Thus,  in  the  case  of  the  tuned  system.  Figure  1  can  be  represented  in  the 
form  of  Figure  3,  where  M  is  a  linear  nme  invariant  transfer  function 
depending  only  on  8^.  When  the  functional  dependence  of  M  is  impor¬ 
tant,  we  will  write  M (0 pj)  (s  is  the  Laplace  transform  variable t 

Let  M  be  partitioned  such  that  the  submatrtx  M  n  is  the  transfer  func¬ 
tion  from  d  to  v . 

Definition  I  :  The  control  law  defined  by  A  an  f  e  is  a-robustly  stabilis¬ 
ing  (given  perfect  parameter  information)  if  ar  .  only  if 

(i)  S°M(9pj)  is  strictly  stable  for  all  Bpf.*ip 
and 


(ii) 


sup 

Bp  c  Sp 


' 

sup 

II-.  :|»-r  -v  llv  II0-' 

MAIl|°2<  1 

Mr  M 0,1  #0 

Hr  II0-' 

J 

When  a  control  law  is  robustly  stabilizing  in  this  sense,  the  svsiem  will  be 
said  to  have  tuned  system  ts-robusmess  or  perfect  parameter  information 
es-robustness. 

It  is  well  known  that,  except  for  trivial  degenerate  cases  which  may 
be  neglected,  condiuon  (ii)  is  equivalent  to 

(U)0,‘“0,  ("M.t(0fJ)"5-)<> 

This  definition  is  simply  the  usual  definition  of  strict  robusi  stability, 
except  that  now  we  require  it  be  satisfied  for  each  candidate  tuned  system. 
Note  that  "Hr  1 1 0J  is  bounded  implies  that  1 1 y  II0*'  is  bounded  is 
guaranteed  for  all  allowed  A  and  Bp  if  and  only  if  the  tuned  system  has 
O-robusmess. 


Defininon  2  :  For  *  particular  o-robustly  liable  tuned  system  M.  the  O- 
' Tobust  performance  level,  denoted  a°(Af),  is  defined  to  be  the  smallest 
number  C  such  that  the  following  bolds: 

For  any  choice  of  input  and  output  matrices  defining  r,  and  y, . 
there  exist  finite  constants  Cj,  C j,  and  C t  (which  may  depend  on 
the  input  and  output  matrices  defining  r,  and  y, )  such  that 

My  I10J  S  C  Mr  M0'  +  C2Mr,  Maj  (13a) 

My,  M0-*  SCjMr  II0-'  +  C4llr,  M0-'  (13b) 

for  all  r  and  for  all  tf  luch  that  Ud  M0J  £  Mv  U0J.  (13c) 


The  small  gain  theorem  (19]  and  o-robust  stability  of  M  guarantees 
that  aP(M )  is  a  well-defined  finite  number. 


Definition  3  :  The  tuned-system  o-robust  performance  guarantee  is  defined 
to  be 

5°(Af)  :=  aa(M). 

The  o-robust  performance  guarantee  resembles  the  notion  of  robust 
performance  of  multivahable  control  theory  to  the  extent  that  it  is  a 
bounded-gain  definition,  as  indicated  by  the  following  lemma. 


Lemma  I  When  r,  =  0. 


sup 

QpeOp 


sup 

IIAIIfl  <  1 
H  r  M  8,1  m  0 


My  l\°J 

Mr  M8' 


£  tfiM) 


The  definition  of  a°  is  such  that  it  gives  an  approximate  measure  of 
performance  even  if  very  small  modeling  errors  elsewhere  in  the  structure 
have  been  neglected,  as  indicated  by  the  following  lemma. 


Lemma  2  : 


Urn 

reLia 

My  \\0J 

1  1  J  I  1  a J  <•  1  ]  m,  II  o J 

e— *0  ' 

iiuii  1 1  v  if 

Mr,  M8J  £  £  My,  M8' 

_  Mr  M0J 

(v  y  y,]r  =  M[d  r  r,]r 


=  aPlM ). 


This  structural  robustness  property  is  crucial  to  the  engineering  utility 
of  the  value  of  a°(M).  In  practice,  one  prefers  not  to  represent  every 
extremely  small  error  such  as  roundoff  noise  in  every  control  computation. 
Instead,  one  characterizes  the  larger  modeling  uncertainties  with  some  son 
of  bound  which  approximates  one's  intuition  about  the  actual  modeling 
errors,  and  derives  robust  performance  measures  based  on  the  mathematical 
characterization  of  the  uncertainty.  These  performance  measures  are  useful 
if  the  actual  performance  is  acceptably  insensitive  to  slight  deviations  in 
the  approximate  mathematical  characterization  of  the  uncertainty.  The 
structural  robustness  property  above  is  a  fundamental  form  of  insensitivity 
to  slight  deviations  in  uncertainty  characterization. 

The  definition  of  0°  is  such  that  it  is  the  tighten  structurally -robust  a 
priori  bound  possible  on  the  gain  from  r  to  y ,  for  the  tuned  system. 

Remark:  the  robust  peformance  defininon  above  ignores  the  effect  of 
initial  conditions  on  performance.  However,  when  initial  condition 
responses  can  be  represented  as  exogenous  disturbances  with  an  a  priori 
known  bound,  the  above  framework  can  incorporate  their  effects.  In  this 
paper,  we  will  examine  only  asymptotic  performance  as  time  approaches 
infinity  for  systems  with  fading  memory,  and  therefore  the  imnal  condition 
effect  on  performance  is  null,  and  need  not  be  included  in  the  robust  per¬ 
formance  definitions. 

Remark:  the  central  problems  of  robust  multivahable  control  theory 
are  (1)  to  find  analysis  techniques  to  determine  the  numerical  value  of  the 
robust  performance  levels  of  a  system  (e.g„  o°(M)),  and  (2)  to  find  syn¬ 
thesis  techniques  to  make  the  robust  performance  levels  as  favorable  as 
possible.  This  paper  will  not  address  these  questions.  Instead,  we  will 
show  that  regardless  of  the  robust  control  techniques  applied.  the  adaptive 
system’s  stability  and  asymptotic  performance  guarantee  will  equal  those  of 
the  tuned  system  given  perfect  parameter  information.  In  effect,  the  partic¬ 
ular  robust  control  design  method  which  produces  /c  and  K  (Figure  1) 
aad  the  method  for  calculating  a °(M)  are  irrelevant  to  the  results  of  this 
paper.  Of  count,  in  practice,  the  robust  control  design  step  is  of  great 
importance. 


rv.  Robust  Parameter  Estimation 

This  section  summarizes  the  essential  details  of  |12],  (11).  with  some 
minor  modifications. 

A.  Estimation  Problem  Formulation 

The  estimation  algorithm  to  follow  will  depend  on  an  error  equation 
which  arises  in  a  general  class  of  direct  ((10)  and  [9])  and  indirect  1(1  l]j 
adaptive  control  systems,  which  are  compatible  with  the  repntseniaoon  of 
Figure  1. 

Note,  from  Figure  1  that  one  can  construct  g  *  ~  C-i2upr 

and  from  g  and  up  one  can  easily  construct  9.  and  v  using  the  known 
value  of  G.  Then  one  can  construct  e(t)  =  g(t)  -  bfln&t).  which 
satisfies 

e(t)  =  6T(t)9(t)  +  d(t)  +  d1(i)  (U) 

d  =  Av  (13) 

Md,  Waj  £  d,(0  (16) 

In  the  above,  d, ,  e  and  v  are  known  scalar  signals,  9  is  a  known  vector 
signal,  6  is  the  unknown  parameter  error  vector,  and  A  is  the  unknown 
unstructured  plant  perturbation. 

B  Adjustment  Law  Definition 

Let  ye,  C|,  and  e2  be  small  positive  constants,  with  Ej  £  e:  An  uppet 
bound  on  Ej  will  be  specified  later  in  the  section  on  stabiliry  and  asymp¬ 
totic  performance,  the  parameters  are  otherwise  arbitrary. 

We  define  the  parameter  adjustment  by 


T),(t)  -  e/'dXKT)  +  d(t)  *  d,( t),  te  [O.t  ] 

(IT) 

IU)  ■=  nil, 

M8-1  -  Mv  »aj  -  d,(r) 

08) 

*0  2  0 

TV)  is  such  that  . 

*0  =  0  if/(OSE|  MOII0-' 

(19) 

*02*,  if /(f)  2  EjMpll0-' 

i 

q (t )  :=  (t)d t  COi 


BpU)  -  ret — rff  ><?('))  v'21i 

ai 

where  x  denotes  the  projection  into  the  set  Op  (i.e..  6/>(r)  is  not  allowed  to 
exit  Op ). 

Remark:  A  recursive  realization  of  the  above  may  be  obtained  by 
differentiating  the  integral  equations  for  q  and  M-ii0-1,  and  may  be  found 
in  [12]  as  well. 

C.  Discussion 

The  above  parameter  adjustment  has  the  interpretation  of  a  gradient 
scheme  to  minimi  re  Mq,  Haj ,  with  s  relative  deadzone  (y  variation).  The 
deadzooe,  pictured  in  Figure  4,  has  a  heuristic  explanation. 


Y(t) 


Figure  4.  Adaptation  Gain  Constraints 


_  Note  that  the.. known  property  of  d  is  given  by  (15)  and  the  ll-ll,0 
bound  on  A  is  lid  II0-'  £  llv  II0-'.  Thus  when  I(t)  £  0,  it  miy  be  tint 
6p(t)  =  O,  the  assertion  that  t),  (t)  =  d(x)  +  d,(t)  is  not  contradicted  by 
the  norm  bound.  Thus  the  definition  of  y  ensures  that  the  adjustment  is 
disabled  when  the  panmeter  error  §  is  indistinguishable  from  zero  in  some 
sense,  based  on  measured  signals.  The  inclusion  of  a  nonzero  C)  «ddc  ( 
certain  strictness  m  definition  of  'distinguishable"  to  prevent  adjustment 
when  the  parameter  error  is  arbitrarily  close  to  'indistinguishable  from 
zero.” 

On  the  other  hand,  when  /(r)  >  0,  one  can  deduce  from  (17)  that 

ief(t)l2--^  .  (22) 

r  110  ll°-»  K  ' 

The  minimum  parameter  adjustment  gain  ya  is  imposed  when  1 6  ^  (r )  I  is 
distinguishably  'too  large,’  that  is,  greater  than  ej.  Inter  we  will  choose 
e,  to  correspond  to  parameter  errors  which  large  enough  to  cause  a  loss  of 
robust  stability  or  performance.  The  net  effect  is  this:  it  is  impossible  to 
have  unstable  behavior  (or  worse-than-specified  performance)  without  hav¬ 
ing  adaptation  turned  on  {ft )  i  yc  >  0). 

D.  Parameter  Convergence  Consequences 

Let  5 (r )  denote  the  euclidean  distance  between  the  estimate  (r )  and 
the  set  of  valid  plant  parameters  Bp 


Theorem  1  .  "Monotone  Error  Reduction:" 
Equations  (17)  through  (21)  imply 


5 2(t)  £  -2ft )  [lltj,  I 


0J  -  llv  II0-' 


-4,(0)1111,1 


SO  Vt. 


with  equality  if  and  only  if  d  Idt  6p(t)  =  0. 


Theorem  2  ,  "Asymptotic  Time-Invariance  ” 

f  9r  (t )  =:  9p_  exists. 

Taking  any  fixed  (though  unknown)  choice  of  QptBp  and  the  associ¬ 
ated  fixed  choice  of  A  in  the  open  unit  ball  in  W,  one  can  define  the 
asymptotic  plant  parameter  error 

0,,_  :=  6,  -  e,,.  (23) 

and  the  asymptotic  controller  parameter  vector 

®c-  :=  /c(®?«)-  (24) 

Since  fc  is  Lipschilnan  on  the  orbit  of  interest.  8C_  is  the  limit  of  6c(t), 
and  8c(t)  inherits  the  uniform  boundedness  of  6f  which  is  apparent  from 
Theorem  1  and  the  compactness  of  Bp . 

V.  Stability  and  Asymptotic  Performance 

We  have  not  shown  convergence  of  the  parameter  error  to  zero  In 
general,  this  does  not  occur,  as  parameter  identifiability  is  excitation  depen¬ 
dent,  and  we  have  not  made  assumptions  regarding  the  excitation. 
Nonetheless,  one  can  bypass  the  question  of  parameter  convergence  and 
directly  deduce  robust  stability  and  performance  properties  of  the  overall 
system  using  properties  of  the  identification  Laws  alone. 

A  Statement  of  Result 

Recall  that  Cjiia  free  parameter  in  the  identification  laws. 

Theorem  3  ,  'Lio-BIBO  and  Asymptotic  Performance:"  Given 

(Gl)  the  control  law  is  o-robustly  stabilizing  given  perfect  parameter 
information  (as  defined  in  lection  HI), 

(G2)  the  design  rule  fc  is  iipschitzian. 

(G3)  that  the  robust  parameter  estimation  laws  of  section  IV  art  used, 
(G4)  rcL^riL-, 
it  follows  that 

(A)  for  tj  chosen  sufficiently  small,  all  signals  shown  in  Figure  1  art 
inL10. 

If  in  addition, 

(G5)  o  >  0. 
it  follows  that 

(B)  for  any  a,  >  0,  there  exists  a  sufficiently  snail  choice  of  such 
that 

My  ll0'  £  (B°(Af)  +  ct1)llr  M0-1  +  tit)  .  where  e(f)  ■  0 


Implication  (A)  of  Theorem  3  is  a  statement  of  BIBO  stability.  When 
o  =  0,  the  stability  is  in  the  sense  of  the  usual  L 2  norm.  For  c  >  0,  the 
BIBO  property  is  true  with  respect  to  a  norm  which  is  similar  to  the  L 2 
norm,  but  with  fading  memory. 

Implication  (B)  of  Theorem  3  is  a  statement  of  asymptooc  perfor¬ 
mance.  In  effect,  the  guaranteed  asymptotic  performance  of  the  adaptive 
system  can  be  made  as  close  as  desired  to  the  guaranteed  performance  of 
the  system  given  perfect  parameter  information,  as  defined  in  section  m 

B.  Choice  of  the  Key  Identification  Confident 

Theorem  3  involved  the  choice  of  the  parameter  which  partly 
defines  the  adaptive  gain.  This  section  shows  that  the  proper  choice  is 
governed  by  a  simple  rule:  the  adaptation  must  be  "turned  on"  when  the 
parameter  errors  are  large  enough  to  produce  unacceptable  behavior. 

Note  that  Qp-Qpm+9p~.  and  that  0c(r)  ■  8C„  +  (8c(r)  -  6C-) 
One  can  therefore  represent  the  system  of  Figure  1  in  the  form  shown  in 
Figure  5  (with  g  being  an  arbitrary  gain).  In  the  figure,  Af'  is  the  asymp¬ 
totic  system,  except  for  residual  errors.  It  is  a  tuned  system,  albeit  possibly 
tuned  for  the  wrong  plant 

The  value  to  this  representation  is  this:  since  AT  is  a  tuned  system 
containing  no  uncertainty  and  parameterized  by  9pmeBp,  the  robusmess 
properties  of  Af”  can  be  evaluated  a  priori  by  taking  the  worst  case  over 
Bp,  as  in  section  HI 

Note  that  with  kpm  *  0,  the  system  of  Figure  5  is  effectively  the 
same  as  that  of  Figure  3.  Granted,  AT  has  additional  outputs  go  and  * 
which  are  internal  to  Af ,  and  AT  is  a  function  of  the  asymptotic  estimate 
§/>_,  while  Af  is  a  function  of  the  true  parameters  9p .  Still,  the  robusmess 
properties  involve  the  image  of  Bp  in  Af -space  (or  Af'- space)  and  this 
image  is  the  same  for  Af  and  AT  (modulo  added  outputs  for  Af' ),  it  follows 
that  Af'  has  o-robust  stability  in  the  presence  of  A  if  and  only  if  Af  has  o- 
robust  stability. 


Figure5.  Complete  System 

Now  let  us  conceptually  expand  the  uncertainty  set  to  allow 

l8,JSg.  i:?> 

Let  Af*  be  partitioned  so  that  :=  J*y*j  is  regarded  as  the  first 
output  vector,  that  is,  AT ,,  is  the  transfer  function  from  T|_  to  j  Let 
be  defined  in  the  same  manner  as  that  of  8^.  except  with  taking 
the  place  of  v  and  with  llv  II0-'  +  g  1 1 0 1 1 0J  in  place  of  Hv^.  l° 1  in 
(13c). 

Lemma  3  .  If  the  original  system  had  perfect  parameter  information  o- 
robust  liability,  then  for  some  g,  >  0,  g  £  g,  implies  that  the  system  of 
Figure  5  has  o-robust  stability. 

Lemma  4  :  For  any  a,  >  0,  there  exists  a  g^fa ,)  >  0  such  that  (  S(r 
implies  ff"°(Af 0  <  ff°( Af )  +  at. 

The  choice  of  tj  indicated  by  Theorem  3  is  the  following  t;  <  g, 
implies  BIBOI10  stability,  and  t2  <  ^ ^  < a , )  implies  an  asymptotic  perfor¬ 
mance  level  of  a°(Af )  -t-  Oi- 


No*  let  us  conceptually  expand  the  uncertainty  set  to  allow 

ief_i  s  g.  t25 1 

Let  M'  be  parononed  so  that  v^.  :=  pj"1  j  is  regarded  as  the  first 
output  vector,  that  is.  ,Vf'M  is  the  transfer  function  from  r)_  to  pv®  j  Let 
5"°  be  defined  in  the  same  manner  as  that  of  5°.  except  with  taking 
the  place  of  v  and  with  iiv  ll0J  +gn©ll0J  in  place  of  Hv^,,  M0,1  in 
(13c). 

Lemma  3  If  the  original  system  had  perfect  parameter  information  c- 
robust  stability,  then  for  some  g,  >  0,  g  <  g,  implies  that  the  system  of 
Figure  5  has  o-robust  stability 

Lemma  4  .  For  any  a,  >  0.  there  exists  a  >  0  such  that  g  S  gp 

implies  ST^tM  ’)  <  5° iM )  +  a. 

The  choice  of  £v  indicated  by  Theorem  3  is  the  following:  e2  <  g, 
implies  BIBO-L:°  stability,  and  e:  <  gp( a,)  implies  an  asymptotic  perfor¬ 
mance  level  of  a°(M)  +  a,. 

These  choices  have  a  heurisoc  explanation.  The  lemmas  state  that 
small  residual  parameter  errors  are  not  desubilmng,  or  do  not  cause  viola¬ 
tion  of  a  given  performance  objective.  The  choice  of  e3  will  guarantee  that 
the  adaptation  gain  is  bounded  away  from  zero  whenever  the  parameter 
error  norm  is  disnnguishably  larger  than  the  level  which  is  tolerated  by  the 
robustness  of  the  perfect  parameter  information  tuned  system.  Because  the 
value  of  t;  depends  or.iy  on  hi'  and  not  on  6^_.  it  can  be  determined  a 

priori 

VI.  Conclusions  and  Directions 

This  paper  shows  that  if  a  hpschitzian  control  law  provides  robustness 
when  supplied  with  the  correct  parameter  vector  from  a  compact  convex 
set.  and  if  the  specified  robust  parameter  adjustment  laws  are  applied  in 
lieu  of  knowledge  of  the  correct  parameter  vector,  then  the  overall  adaptive 
system  provides  L2-BIBO  stability  Furthermore,  when  the  norm  used  con¬ 
tains  any  degree  of  exponentially  fading  memory  ,  the  asymptotic  perfor¬ 
mance  guarantee  is  effecnvely  the  same  as  one  would  obtain  with  perfect 
parameter  information  No  persistency  of  excitation  assumptions  were 
required,  and  nonzero  initial  conditions  were  allowed. 

In  addition  to  these  theorenca)  properties,  the  control  laws  of  this 
paper  have  certain  practical  merits  The  parameter  adjustment  makes 
engineering  sense  in  that  it  continually  improves  the  parameter  esnmate  to 
the  greatest  degree  possible  consistent  with  the  nonparametnc  uncertainty 
assumptions,  unlike  stabilizing  compensator  existence  results  and  unpracti¬ 
cal  dense  search  constructions  Furthermore,  the  full  magnitude  of  uncer¬ 
tainty  which  can  be  tolerated  by  the  non-adapave  system  with  parameter 
knowledge  can  be  tolerated  by  our  adaptive  system,  unlike  earlier  robust¬ 
ness  to  sufficiently  small  perturbations"  results.  Finally,  it  is  a  non- 
mysterious  result,  the  simple  engineering  heunsuc  of  robust  control  and 
plus  robust  parameter  adjustment  produce  stability  in  a  traceable  fashion. 
These  are  important  sondes  toward  pracocality. 

Still,  these  results  fall  short  of  a  complete  practical  theory  in  at  least 
two  important  respects  Fust,  the  transient  performance  is  not  quantified, 
and  may  be  extremely  poor  for  some  plants  and  some  command  inputs. 
Second,  the  uncertain  parameters  were  assumed  constant,  while  adaptive 
control  is  often  most  valuable  when  the  unknown  parameters  vary  in  ume. 
Further  research  is  required  to  overcome  these  difficuloes 
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